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The Flame Structure and Vorticity Generated
by a Chemically Reacting Transverse Jet

A. R. Karagozian*
University of California, Los Angeles, California

An analytical model describing the behavior of a turbulent fuel jet injected normally into a cross flow is
developed. The model places particular emphasis on the contra-rotating vortex pair associated with the jet and
predicts the flame length and shape based on entrainment of the oxidizer by the fuel jet. Effects of buoyancy and
density variations in the flame are neglected at present in order to isolate the effects of large-scale mixing. The
results are compared with a simulation of the transverse reacting jet in a liquid (acid-base) system. For a wide
range of ratios of the cross flow to jet velocity, the model predicts flame length quite well. In particular, the
observed transitional behavior in the flame length between 0.0 < U, / U; < 0.1, yielding an approximate minimum
at the ratio 0.05, is reproduced very clearly by the present model. The transformation in flow structure that
accounts for this minimum arises from the differing components of vorticity dominant in the near- and far-field

regions of the jet.

Nomenclature
= radius of vortex core
= jet orifice diameter
= entrainment coefficient
= vortex pair half-spacing
= characteristic length
= jet-to-cross-flow velocity ratio
= maximum value of R for which model applies
= jet Reynolds number
= flame arc length
= flow time
= flow time corresponding to initial
conditions at jet orifice
= flow time at which flame ends
= cross-flow velocity relative to vortex pair
= cross-flow velocity
= jet velocity of orifice
= mass-averaged jet velocity -
X, Z = flowfield coordinates of vortex pair
X, Zy= flowfield coordinates of flame end
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a = stoichiometric mixture ratio (oxidizer /fuel)

I, = total circulation of each vortex

v = kinematic viscosity

v, = average eddy viscosity

b, = local angle of orientation of vortex pair
Introduction

HE entrainment and mixing that occurs when a single jet

is directed normally into a cross flow has been studied
rather extensively over the past few decades, primarily through
experiments''?> and empirical or semiempirical models.>* If
the jet contains a substance that reacts rapidly with the cross
stream to form a product, the situation can represent a
circular fuel jet burning in a crosswise airstream. This occurs,
for example, in industrial gas burners where turbulent diffu-
sion flames are deflected by a cross stream of air. While the
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local flowfield will be similar to that for the nonreacting fuel
jet, a finite flame length will be apparent when sufficient
mixing and reactant consumption has taken place.

Broadwell and Breidenthal® have investigated this flowfield
experimentally using a liquid system in which a circular jet
containing a base solution is injected into a water tunnel
containing a cross stream of dilute acid. Visualization of the
jet takes place by means of a pH indicator, similar to the
method used by Weddell to visualize free turbulent fuel jets
(recorded in a survey by Hottel and Luce®). In both sets of
experiments, the reaction’s equivalence ratio a (defined as the
ratio of the volume of ambient fluid to injected fluid required
for products to form) is varied by changing the concentrations -
of the reactants, so that visible “flame” lengths will depend on
«. Broadwell and Breidenthal also describe, by means of
scaling laws, a model for the far-field behavior of the flame.
Semiempirical modeling of the gaseous turbulent diffusion
flame in a cross flow has been performed by Brzustowski’
based on earlier experimental work on hydrocarbon jets.310
While the model’s results are significant in terms of discerning
the physical phenomena relevant to the transverse fuel jet,
prediction of the flame length at high ratios of the jet to
cross-flow velocity is as yet incomplete.

The present study seeks to model analytically the single
isothermal transverse fuel jet by identifying some of the
characteristics common to reacting and nonreacting transverse
jets. In particular, emphasis will be placed on the vortex pair
structure that has been observed to dominate both reacting
and nonreacting cross sections in the far field. A previously
developed"' vortex model for the single, transverse jet will
thus be incorporated, including the reacting chemical species.
In addition, the influence of the entrainment of oxidizer and
large-scale mixing on the behavior of the fuel jet wiil be
examined so that flame length may be predicted for a wide
spectrum of cross-flow-to-jet velocity ratios.

Vortex Model for the Single Transverse Jet

While a detailed description of the vortex model for a single
incompressible transverse jet has been described previously,'!
only its pertinent features will be outlined here. The actual jet
cross section can be approximated by the recirculation cell of
the vortex pair and, considering the vortices to be locally
two-dimensional, the jet path is traced by evaluating the
motion of the vortex pair. The geometry of the situation is
described in Fig. 1, with flow time ¢ parametrizing the vortex
curve.
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Fig. 1 Description of a locally two-dimensional vortex pair in the field
of a transverse jet.

Viscosity is included in the model in the sense that the
Gaussian viscous vortex structures are approximated as two
contra-rotating Rankine vortices (solid-body rotation plus
potential vortex). The local two-dimensional velocity distribu-
tion for the vortex pair is then represented in terms of a(1),
the radius of each viscous core, I})(¢), the total (integrated)
vortex strength associated with each vortex structure, and
h(1), the half-spacing of the vortices. Because the cross-flow
velocity relative to the vortex pair changes with time {U(¢) =
U, sin,(2)], the extended Blasius theorem for unsteady, in-
viscid flow over a body whose size varies with time is used to
compute the unsteady forces acting on each viscous core.
Based on a “lift” force acting to separate the vortices, an
ordinary differential equation for the vortex pair half-spacing
h(t) can then be derived and solved numerically based on
formulation of a(?), T;;(¢) and the initial conditions.

The assumption of the pair of Rankine vortices leads quite
naturally to the representation for viscous core radius as
a(t) - ‘/th . However, because the transverse jets under con-
sideration are turbulent in general, an average eddy viscosity
can be used in the expression for a(r). As described in Ref.
11, for the range of actual Reynolds numbers applicable here
(Re = Ud/v =10,000), eddy viscosities of several orders of
magnitude greater than the kinematic viscosity yield little
difference in the results obtained.

The variation in vortex strength I}, is modeled here by
accounting for a near-field component of vorticity arising
from the deflected cross flow about the circular orifice,’* as
well as a far field component arising from vorticity generated
by the jet’s impulse. Cross-sectional slices of the jet taken
downstream will then reveal both components of vorticity,
contributing to the local circulation based on the local angle
of orientation of the vortex pair ¢,(¢). The analytical expres-
sion used in the present model is

T,(t) =(2U, d)sing, (1) + Wp(t)cos é,(1) (1la)

where P represents the jet impulse per unit depth. It should
be noted that this expression is simply meant to be a reason-
able correlation for T}, based on important phenomena con-
tributing to vorticity generation. In dimensionless form, the
circulation takes the form

s I 72/2
L(H=+%= 1
‘ UL [(anh —2/R)* + (n/8R)]

(1b)

where

m(@y=h(t)/L, T=Uyt/L, R=U/U,

and L= Rd is the “characteristic length” for the problem.
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Fig. 2a Dimensionless flame chord length Ch,/d as a function of
velocity ratio U,, / U, for equivalence ratios a =11 and 8.7.
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Fig. 2b Dimensionless flame chord length Ch,/d as a function of
velocity ratio U, / U; for equivalence ratios a« =7.3, 6.7, and L.1.

Initial conditions for the vortex half-spacing h(t) are de-
termined by the approximation that the recirculation cell
represents the actual jet cross section in the far field. Extrapo-
lating this assumption back to the vicinity of the jet orifice, an
estimate on the cell area (and thus /) at the orifice, where
dimensionless flow time is 7y, can be made. The ordinary
differential equation for A (), resulting from the force balance
on the viscous cores, finally takes the form

1dn T3 i | _o
Fdf 8a2kh(1) (Re)R*(T) |

da%h (k+1 1 dh
“)

dr?

(2)

with the initial condition

W) = (155)’

and where B=2.84 is a constant based on the area of the
recirculation cell,!> € =1.121 a constant of proportionality
relating core radius a(t) to \/4ut, and k the virtual mass
coefficient for motion of the viscous core, approximated here
as a constant for the entire trajectory and, as justified in Ref.
11, found to be equal to 4 for the present flowfield.

Once solution for the vortex half-spacing is obtained, corre-
lation between flow time ¢ and the location of the vortex pair
in the flowfield can be found through a suitable representation
of the local velocity of fluid along the vortex curve. Based on
momentum conservation along the jet, a boundary-layer type
of evaluation leads to the following governing equation for
#,=u,/U, the dimensionless mass-averaged velocity along
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the jet trajectory:

du, [ cose(D-Ru(D) ] 2 db
di | 2R —cos ¢,(7)/u,(7) { k(7)) d7 )

Transverse Fuel Jet Model

Based on the foregoing description, the situation in which
the jet fluid and crossflow mix and react to form products of
combustion now can be considered. Identified are several
fundamental processes that govern the degree to which the
reactants form products and, ultimately, the distance at which
the “flame” ends. By definition, molecular diffusion of the
fuel and oxidizer at the diffusion flame surface causes forma-
tion of combustion products and local depletion of the avail-
able fuel Large-scale mixing and entrainment of the oxidizer
into the vicinity of the jet also takes place downstream of the
injection and can be visualized in terms of flame distortion
and winding by the vortex pair structure (cf, Ref. 14). In
addition, the heat transfer in the flame region caused by the
buoyancy and radiation affects the flame length and structure
as a result of the coupling of the energy and momentum
conservation equations.

In his semiempirical modeling of the turbulent diffusion
flame in a cross flow, Brzustowski’ suggests that entrainment
and buoyancy play key roles in solution of the flame shape
and length, while radiation is of lesser importance. Broadwell
and Breidenthal® argue, on the basis of far-field scaling laws,
that for large jet Reynolds numbers entrainment is a domi-
nant factor in determining flame length. Their scaling of the
fuel jet far downstream of injection (i.e., for a relatively large
cross-flow velocity U,) is predicted fairly well: but, as U, is
decreased and the case of the turbulent free jet is approached,
the “transitional” behavior of the flame length observed in
experiments cannot be predicted. The following analysis, which
implements the transverse jet model, attempts to examine the
role that entrainment plays in the reacting jet and to predict,
to an extent, both the near- and far-field flame shapes and
lengths.

In analogy to the transverse jet model, it is assumed that the
cross section of the fuel jet is represented by the recirculation
cell of the vortex pair. According to Brzustowski,’ the effect of
the vortex pair on the flame structure is quite pronounced at
high jet-to-cross-flow velocity ratios and, in fact, flame length
may be correlated® with the spacing of the vortices in the far
field. Incompressibility is also assumed at present, even though
the effects of heat release and buoyancy can be significant to
the actual transverse diffusion flame. This is done so that the
effects of large-scale entrainment can be isolated here and thus
allows comparison with liquid experiments. Other assump-
tions made in the present model include negligible radiation
effects and fast reaction kinetics, so that the rate of reactant
consumption is limited only by the rate of entrainment of
oxidizer.

Based on the foregoing considerations, it is postulated that
a deflected flame of mixture ratio a ends when the flux of a
molecularly mixed fluid in the jet is proportional to the
amount of oxidizer entrained in the jet and the amount of fuel
initially present in the jet cross section. In terms of the volume
flux at the orifice, this is represented by

Mass flux of mixed fliid in jet

_ P[4Bh2(t*)] u,(24)
Initial mass flux of jet fluid

5]y

=(Ea+1) (49

where ¢, is the flow time at which the flame ends, 4 Bh*(¢) the
area of the recirculation cell, u,(¢) the mass-averaged jet
velocity, p the jet (or cross-flow) density, and E a coefficient
representing the amount of excess oxidizer entrained into the
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flame region which is required to put out the flame. If simple
mixing were involved solely in the combustion process, E
would be equal to unity and every element of jet fluid would
need to be mixed with a parts of cross flow. Because of the
significance of macroscopic mixing due to the coherent turbu-
lent (vortical) flow structures and the “incompleteness of
mixmbg or homogeneity in the flame” described by Hottel and
Luce,® the actual value of E will exceed unity. Weddell’s
experiments for incompressible free jet mixing yield E=1.9,
the work of Steward" gives a value of E =4 for the buoyant
turbulent diffusion flame, and Brzustowski suggests a value of
E =5.7 for the transverse turbulent fuel jet. For the present,
we will determine the value of E relevant to the cold trans-
verse (incompressible) reacting jet by a comparison of our
analytical calculations with the Broadwell-Breidenthal experi-
mental flame length measurements. It will become clear that
the functional dependence of flame length on the velocity
ratio R = U,/U,, will be similar for different values of E; the
more accurate numerical value will simply give a more ap-
propriate magnitude for the flame length.

The procedure for the calculation of flame length as a
function of a and R can be described as follows. At each
value of 7, the vortex pair spacing #(7) and local axial ve10c1ty

#,(%) are computed by solution of Egs. (2) and (3) using a
fourth-order Runge-Kutta numerical scheme. When Eq. (4) is
satisfied (for a given value of E), the corresponding dimen-
sionless time 7, is used to solve for the location of the vortex
pair in the flowfield (X, and Z;) at which the flame ends as
follows:

% _R2/; u,(7)cos¢,(7)dr (52)
Z
7 = sz; %,(7)sing,(7)dr (5b)

Broadwell and Breidenthal® approximate the flame length in
their measurements by the chord length Ch,= X} + Z};

here, Ch; will be calculated for comparison.

This procedure yields results for the flame length given
finite values of velocity ratio R. As the velocity ratio ap-
proaches infinity (that is, as the cross-flow velocity U, de-
creases to zero), we approach the situation where a turbulent
fuel jet is injected into a still reservoir of oxidizer, the case
studied in liquid by Weddell. While the current model involv-
ing the viscous vortex pair is actually relevant only to the case
of a nonzero cross-flow velocity, it is of interest to determine
the asymptotic behavior of the governing equations as U,
approaches zero. The resulting dependence of flame length on
the characteristic parameters can then be compared with
experimental results in liquid.

In the limit as U, becomes very small, a number of
simpliﬁcations may be made. If we let R=U,/U, > 1, the
expression for the deflection angle ¢, is Simphﬁed such that
the total dimensionless circulation Ij,(7) reduces to

() = 4;7% (6)

since 47h < 7/8h and 7/8h > 2 /R in this regime. It should
be noted that, in dimensional terms, Eq. (6) becomes I,(¢) =
U, [47h(t)], which approaches zero as the cross-flow velocity
U — 0. Incorporation into the governing (force balance)
equation (2) in h(f) gives an approximate solution for dimen-
sionless half-spacing as a function of flow time,

h(F) = b7, b=[k—i1]% %)



SEPTEMBER 1986

Experimental Results (Broadwell & Breidenthal}:
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Fig. 3 Comparison of calculated flame length distributions for en-
trainment coefficients E=8 (— — —), E=5 (------ ), and E=3
( ) (equivalence ratio a = 11).

Based on this reasoning, Eq. (3) in axial velocity can be
reduced to yield the following behavior as U, — 0:

U, = O/;

The condition representing the flame end [Eq. (4)] can now
be estimated. When 7, is substituted to give the flame arc
length s,, we find that

%_sz L(r)dr=R [L%] % (Ea+1) (8)

Clearly, this behavior indicates that if R — oo (or U, —0),
the flame length s, — o0, in contrast to the finite flame lengths
that are physically possible and observed by Weddell. Hence,
there must exist an upper limit to the size of R such that the
above analysis (and indeed, the entire model) is appropriate.

This limit is found by noting that for Eq. (6) to be a valid
approximation for T}, at high velocity ratios, 4-7rh <m/ 8h. If
substitution into this condition is made, with % = b, and
solution for 7, and ¥, based on the flame end and orifice
conditions, the following condition for the validity of Egs.
(6-8) emerges:

R> (Ea+1)[27/B]: =R, (9

Hence, for values of velocity ratio R satisfying the require-
ment of Eq. (9), the limiting relation [Eq. (8)] holds, indicating
that actual vortex circulation vanishes and flame lengths be-
come infinite. Clearly, the present model only can be used
appropriately for values of R < R;. These values are calcu-
lated here.

Results and Discussion

Following the procedure outlined in the previous section,
we can numerically solve the flame length and shape as
functions of the velocity ratio R for several different values of
equivalence (or mixture) ratio a. The approximate dimension-
less flame (chord) length Ch, as a functionof 1/R= U, /U, is
shown in Fig. 2, compared with Broadwell and Breidenthal’s
experimental findings.’ It appears that a very clear correspon-
dence exists between predicted and experimental points when
the value of the entrainment coefficient is chosen to be E=35.
The “transition” in the behavior of flame length at values of
U,/ U, below approximately 0.05 is predicted by our model,
such that flame length decreases from a finite value at 1/R
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Fig. 4 Dimensionless circulation Ty /2U, d as a function of dimen-
sionless arc length s/d for R=U; /U, =8 (---), 6 (------ ), and
4 ( ).

Table 1 Local circulation and deflection angle for flame end as
compared with maximum circulation and corresponding
deflection angle for a = 11

Flame end Max. circulation
Us 1 Sr Lo (2s) . To(tm) .
TR 4 wd S yg sin g, (1,,)
0.02 50.95 280.6 0.9714 409.4 0.7072
0.03 37.68 257.8 0.8603 2743 0.7135
0.04 3727 203.0 0.6145 206.6 0.7086
0.05 46.00 133.6 0.3523 166.1 0.7170
0.06 56.26 88.4 0.2129 139.0 0.7155

near zero to a minimum at 1/R = 0.05 (the value is 0.04 for
a = 11). Figure 3 demonstrates the effect on chord length of
varying E, indicating a shift in the magnitude of flame length
buit the same general shape of the curve. As noted by Broad-
well and Breidenthal,® the flame lengths for a =1.1 do not
follow the pattern as closely, since the flame lengths are too
short to be described by far-field analysis. Since the present
model does include near-field effects, it is shown that this
lower equivalence ratio case is roughly predicted as well.

The reason for there being the different locations observed
in the flame length minimum (depending on «a) is evident in
the limiting condition on velocity ratio R given in Eq. (9).
When E =35, the minimum in 1/R depends on the equiv-
alence ratio a, yielding 1/R; = 0.012 for a = 11,1 /R, =0.018
for a=6.7,and 1/R; =0.112 for a = 1.1. Since the minimum
value of velocity ratio for which the model is valid increases
with decreasing «a, it follows that the value of 1/R at which
the flame length minimum occurs should have the same behav-
ior.

The observed transition in the flame length behavior for
values of a exceeding unity has not been predicted well by
other theoretical models, indicating that the present model
constitutes a significant advance in our understanding of the
phenomena governing near-field flame behavior. Clearly, this
structural transition as U, is increased is associated with the
formation of the contra- rotatmg vortex pair at the jet orifice, a
situation that is modeled somewhat more accurately by the
present representation than by other “far-field” types of mod-
els. With reference to Fig. 4, which describes the downstream
variation in circulation for the model, the fundamental phe-
nomena related to fuel consumption by the flame can be
assessed as outlined in the following paragraphs.

As the velocity of the cross flow is increased from zero, the
jet proceeds into the cross flow, but is deflected relatively
slowly in comparison to jet turning when U is of larger
magnitude. Based on the modeling of Eq. (1a), as the jet turns,
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the vorticity associated with the fuel jet increases, mixing
becomes more rapid, and the flame is ultimately extinguished.
As the ratio 1/R is increased to 0.05 (or R decreased to 20),
apparently the circulation approaches its maximum more
quickly and the dramatic rise in mixing causes the flame to be
extinguished more quickly, giving a shorter flame length. As
the ratio 1/R continues to increase beyond 0.05, the maxi-
mum circulation is smaller in magnitude and, as the jet is
deflected more significantly, mixing increases and then de-
creases as the maximum T (#) is passed. The flame is then
extinguished at a greater arc length s, (or chord length Ch,)
when sufficient mixing has taken place.

These suggestions are borne out by documentation of the
local values of deflection angle ¢,(#) and circulation T, (¢) at
the point where a given flame ends. As Table 1 indicates for
an equivalence ratio & =11, when 1 /R is less than the “tran-
sition” value 0.04, the flame is extinguished before the circula-
tion has reached its maximum. When 1 /R = 0.04, the circula-
tion is close to its maximum when the flame ends and, when
1/R > 0.04, the maximum circulation has passed and T}, is a
decreasing function when the flame ends.

The present results in addition corroborate the far-field
flame length predictions made by Broadwell and Breidenthal,’
who find that for mixture ratios significantly greater than
unity, the far-field behavior is

.’g,[%]%mﬁ (10)

As a comparison with Broadwell and Breidenthal’s observed
axial flame length, Fig. 5 presents a nondimensionalized de-
scription of X, as a function of velocity ratio 1/R for cases
where a > 1.1. Clearly, the far-field equation (10) is ap-
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Fig. 5 Nondimensionalized downstream flame length as a function of
velocity ratio U, /U
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propriate for values of 1/R exceeding 0.1; the near-field
description contained in the present model is needed for
prediction where 0.01 <1/R <0.1.

Results for flame shapes, ie., Z/d vs X/d until Z; and X,
are reached, are given in Fig. 6 for selected values of
equivalence ratio. The far-field behavior of many of these
flames can be described by the scaling law

Z/d=a(R)?(X/d)"

where a =0.53, B =1.18, and y = 0.31. This corresponds very
roughly to the experimental cold-jet results of Pratte and
Baines,'® where a =2.05, 8=0.72, and y = 0.28. Brzustowski
et al.!% confirm this scaling law as a far-field approximation to
the hydrogen diffusion flame in a cross flow; however, if the
present model were modified to account for buoyancy and
density variation effects, it is likely that scaling coefficients
different from those obtained here would result.

Conclusions

This analytical vortex model for the transverse reacting jet
predicts quite well the behavior and length of the resulting
flame structure in the absence of heat release effects. In
particular, the sharp minimum in flame length observed in
experiments is seen here to occur at U, /U;=0.05 for a
variety of liquid reaction equivalence ratios. The transforma-
tion in flow structure that accounts for this minimum arises
from the change in the dominant component of vorticity near
the jet orifice as compared with that in the far field. In
addition, it is observed that, at the flame tip, the ratio of
oxidizer entrained by the jet to fuel present in the jet is of the
order of 5. It is postulated that this arises due to the large-scale
flame distortion and mixing imposed by the vortex structures
that results in the regions of unmixed reactants within the jet
cross section.

While the model best predicts the behavior of a transverse
reacting jet in a liquid system where the density variations are
negligible, as a preliminary result we may infer that the flame
shape in a gaseous reaction behaves roughly in the same way,
with a dominance of entrainment effects. Examination of the
effects of buoyancy for the transverse diffusion flame is planned
for future studies.
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